Spectroscopic properties of low-lying states and cluster structures in 12 C are analyzed in a "beyond mean-field framework" based on global energy density functionals (EDFs). To build symmetryconserving collective states, axially-symmetric and reflection-asymmetric solutions of the relativistic Hartree-Bogoliubov equations are first projected onto good values of angular momentum, particle number, and parity. Configuration mixing is implemented using the generator coordinate method formalism. It is shown that such a global microscopic approach, based on a relativistic EDF, can account for the main spectroscopic features of 12 C, including the ground-state and linear-chain bands as well as, to a certain approximation, the excitation energy of the Hoyle state. The calculated form factors reproduce reasonably well the available experimental values, and display an accuracy comparable to that of dedicated microscopic cluster models.
I. INTRODUCTION
The formation of clusters, as transitional states between the quantum liquid and solid phases of finite systems, is a common feature in light atomic nuclei [1] [2] [3] [4] [5] . Particularly favorable conditions for the appearance of cluster structures are found in light self-conjugate nuclei, where various exotic configurations have been predicted and some observed. Probably one of the most prominent examples is the self-conjugate nucleus 12 C, in which axial oblate, triangular, linear 3α, and bent arm configurations are all predicted to coexist at low excitation energies [6] [7] [8] [9] [10] [11] [12] . New reorientation-effect measurements have very recently confirmed the pronounced oblate deformation in the ground-band 2 + 1 state of 12 C [13] . Exceptional results on the structure of the well known 0 + 2 (Hoyle) state have been simultaneously reported by two independent groups [14, 15] , indicating that this state predominantly decays by intermediate emission of an α-particle. In parallel with experimental advances, a number of theoretical methods have been employed to study the variety of shapes in 12 C, including the antisymmetrized molecular dynamics (AMD) model [6] , the fermionic molecular dynamics (FMD) model [7, 8] , the Tohsaki-Horiuchi-Schuck-Röpke (THSR) wave function model [9, 10] , configuration-mixing Skyrme calculations [11] , and the cranking relativistic mean-field theory [12] . Both the AMD and FMD calculations predict the Hoyle state to be a weakly-interacting assembly of 8 Be+α configurations [6, 8] , while the THSR model describes the Hoyle state in terms of a condensate of α-particles [9] . In addition, 3α linear chain structures were predicted to occur in higher 0 + states, even though the stability of these configurations against bending remains an open question [6, 8, 12] .
The framework of relativistic energy density functionals (EDFs) [16, 17] has been extensively used in studies of cluster structures on both the mean-field level [18] [19] [20] [21] [22] [23] and, to a lesser extent, using "beyond mean-field" [24, 25] methods. Particularly interesting results on the origins of nuclear clustering have been reported in Ref. [20] , where the appearance of pronounced cluster structures has been linked to the underlying single-nucleon potential. However, in order to carry out a quantitative analysis that can directly be compared to experiment, it is necessary to extend the simple mean-field picture by taking into account collective correlations related to restoration of broken symmetries and configuration mixing. Symmetryconserving EDF-based methods have been used to model a variety of structure phenomena over the entire nuclide chart [17, 26, 27] . One of the major advantages of using such an approach in studies of clusters is that it is not necessary to a priori assume the existence of localized structures in the model space. In fact, the EDF framework includes both the quantum-liquid and cluster aspects of nuclear systems, and clusterization may eventually occur as a result of the self-consistent approach on mean-field level and/or the subsequent restoration of symmetries and configuration mixing. In addition, and this is important, the parameters of global functionals are typically adjusted to data on medium-heavy and heavy nuclei and the effective interaction itself does not bear any information specific to light systems, or to cluster states that one aims to describe.
In this work we employ the framework of symmetryconserving relativistic EDF to study cluster structures in positive-parity states of 12 C isotope. Axially-symmetric and reflection-asymmetric reference states are generated as solutions to the relativistic Hartree-Bogoliubov (RHB) equations. These configurations are then projected onto good values of angular momenta, particle number, and parity, before being mixed using the generator coordinate method (GCM). This paper is organised as follows. A brief outline of the theoretical method is presented in Section II. In Section III we demonstrate how this global model can account for the main spectroscopic features of 12 C, including the description of both the ground-state and linear-chain bands, as well as the excitation energy of the Hoyle state. Furthermore, the theoretical elastic and inelastic form factors are shown to reproduce experimental values, and exhibit an accuracy that can compete with dedicated microscopic cluster models. Finally, Section IV briefly summarizes the main results of this work.
II. THEORETICAL FRAMEWORK
The EDF-based symmetry conserving and configuration mixing approach provides a global method that can be applied to studies of structure phenomena over the entire nuclide chart [17, 26, 27] . In practical implementations this framework essentially presents a two-step process. In the first step (single-reference EDF) a number of symmetries of the nuclear Hamiltonian are broken at the self-consistent mean-field level. This approach provides an approximate description of nuclear ground states in terms of symmetry-breaking many-body wave functions. Bulk properties of atomic nuclei (such as binding energies, charge radii, etc.) can be analyzed at this level. In the second step (multi-reference EDF), previously broken symmetries of many-body states are recovered and the resulting configurations are further mixed to construct collective states with good quantum numbers. Going beyond the simple mean-field picture, one is able to take into account additional collective correlations and thereby describe a nucleus in the laboratory frame, including spectroscopic properties. The GCM ansatz for the symmetry-conserving collective state |Ψ J;N Z;π α reads [28] :
(1) with the first summation running over a discretized set of quadrupole and octupole deformations {q i } ≡ {β 2i , β 3i }. Here we define the dimensionless deformation parameters β λ = 4πq λ0 /3ARe −iαĴz e −iβĴy e −iγĴz is the rotation operator. The projection operators onto neutronP N , and proton number P Z read:
N τ corresponds to the particle number operator and N τ is the desired number of nucleons in each isospin channel τ . We note that because of symmetry the integration interval can be reduced to [0, π] for even-even nuclei. In addition, parity is restored by choosing a reflection-symmetric basis, that is, by ensuring that for each (β 2 , β 3 ) state the basis always contains the corresponding (β 2 , −β 3 ) state. The RHB states |Φ(q i ) are obtained from deformation-constrained self-consistent mean-field calculations using the relativistic point-coupling functional DD-PC1 [30] in the particle-hole channel, and a separable pairing force in the particle-particle channel [31, 32] . The RHB basis of the present calculation comprises a wide range of both quadrupole and octupole deformations: β 2 ∈ [−1.2, 3.6] and β 3 ∈ [−3.5, 3.5], with mesh sizes ∆β 2 = 0.4, ∆β 2 = 0.6, and ∆β 3 = 0.7 in the oblate, prolate, and octupole directions, respectively. To ensure a proper convergence, the RHB states are expanded in a basis of the axially-symmetric harmonic oscillator [33] with N sh = 10 (N sh = 11) oscillator shells for the large (small) component of the Dirac singlenucleon spinor. Furthermore, the axial, time-reversal, and simplex symmetry of RHB states are imposed. In particular, axial symmetry reduces the computational task considerably, as integrals over the Euler angles α and γ in Eq. (2) can be carried out analytically. Projection integrals over the gauge angle ϕ are performed using the standard Fomenko expansion [34] . The corresponding number of integration points in the Euler angle β and gauge angle ϕ are N β = 27 and N ϕ = 9, respectively. The weight functions f J;N Z;π α (q i ) of Eq.
(1) are determined by solving the Hill-Wheeler-Griffin (HWG) equation [35] :
The norm overlap kernel N J;N Z;π (q i , q j ) and the Hamiltonian kernel H J;N Z;π (q i , q j ) are given by the generic expression:
withÔ =1,Ĥ for the norm overlap kernel and the Hamiltonian kernel, respectively. We note that here the Hamiltonian kernel is calculated using the mixed density prescription [36] . The numerical solution of the HWG equation for a given angular momentum and parity yields the lowest collective state (α = 1), as well as excited states (α = 2, 3, ...). Additionally, one can use the weights f J;N Z;π α (q i ) to define another set of functions:
Since g J;N Z;π α (q i ) are orthonormal, they are interpreted as collective wave functions of the variables q i . Furthermore, even though they are not observables themselves, the collective wave functions explicitly manifest shape fluctuations in both the quadrupole and octupole directions and can be used to calculate various observables, such as spectroscopic quadrupole moments and electromagnetic transition rates [37] . In particular, the electric spectroscopic quadrupole moment of the collective state |Ψ J;N Z;π α can be computed from the expression
The reduced electric multipole transition probability for a transition between the initial |Ψ Ji;N Z;πi αi and final state |Ψ
Furthermore, utilizing techniques recently developed for Skyrme-based EDF calculations [38] , collective wave functions can also be used to compute elastic and inelastic form factors for electron scattering. In the plane-wave Born approximation the longitudinal Coulomb form factor F L (q) for a transition from the initial state |Ψ Ji;N Z;πi αi to the final state |Ψ
where q denotes the momentum transfer for angular momentum L, j L (qr) is the spherical Bessel function of the first kind, and ρ
Jiαi,L (r) are reduced transition densities of protons. The latter can be computed from:
where ρ
(r) stands for the pseudo-GCM density as defined in Ref. [38] . The pseudo-GCM density does not represent an observable, rather it encapsulates all the information related to the solution of HWG equation. More details on calculations of pseudo-GCM densities can be found in Ref. [38] . Here we note that, to account for the spurious center-of-mass motion, a simple correction is introduced by folding the calculated form factors of Eq.
, where b = /mω denotes the oscillator length [39] . It should be emphasized that, since all quantities are calculated in the full configuration space, there is no need for effective charges and thus e denotes the bare proton charge.
III. CLUSTER STRUCTURES IN
12 C
A. Deformation Energy Maps
Our analysis of cluster structures in 12 C starts with a microscopic self-consistent mean-field RHB calculation. The upper left panel of Figure 1 displays the deformation energy surface in the β 2 -β 3 plane. Although the absolute minimum of the RHB energy surface is found for the spherical (β 2 = 0, β 3 = 0) configuration, we note that the surface is rather soft for the following range of deformations: β 2 ≈ [−0.6, 0.6] and |β 3 | ≈ [0.0, 0.5]. To illustrate the effect of symmetry restoration on the topology of the RHB energy, the other panels in Fig. 1 show the corresponding angular momentum-, particle number-, and parity-projected energy surfaces for spin-parity values
Already the J π = 0 + energy surface exhibits the dramatic impact of symmetry restoration. In particular, the J π = 0 + surface appears significantly softer for a wide range of deformations in comparison to the RHB mean-field energy surface. For higher values of angular momentum the minimum on the oblate side becomes much more pronounced, while intermediate prolate deformations become increasingly less favored.
This trend is even more apparent in Figure 2 , where we make a cut along the parity-conserving (β 3 = 0) line of Fig. 1 and show the energy curves as functions of the axial quadrupole deformation β 2 . As noted before, the RHB energy curve is rather flat around the spherical minimum. The only indication of possible cluster formation is found at very large prolate deformations, where a shoulder in the binding energy curve occurs. In contrast, the energy curve that corresponds to the symmetry-restored J π = 0 + states exhibits two nearlydegenerate minima: the lower one at β 2 ≈ −0.5, and the prolate minimum at β 2 ≈ 0.8. We note that the binding energy of the symmetry-restored oblate minimum is rather close to the experimental value: E B = −92. 16 MeV. This is consistent with the fact that the collective 0 + 1 state is expected to correspond to the band-head of an oblate-deformed rotational band. Furthermore, the shoulder at large quadrupole deformations is preserved for the J π = 0 + projected energy curve and it is additionally lowered by about 5 MeV. The J π = 2 + projected curve preserves both the oblate minimum and the shoulder at large quadrupole deformations, while the former J π = 0 + local minimum at intermediate quadrupole deformation transforms into a shoulder. Finally, a barrier occurs at intermediate prolate deformations for the
The analysis of Figs. 1 and 2 illustrates how the symmetry-restored mean-field energy maps already encapsulate the variety of shapes of 12 C. Nevertheless, it is only by performing configuration mixing, that is, including collective correlations related to both quadrupole and octupole shape fluctuations, that one obtains a quantitative description of 12 C spectroscopic properties. 
FIG. 2: Energy curves of
12 C as functions of the axial quadrupole deformation β2 for parity-conserving (β3 = 0) configurations. In addition to the self-consistent mean-field RHB binding energies (squares), we display the angular momentum-and particle number-projected curves for spinparity values J π = 0 + , 2 + , 4 + .
B. Spectroscopy of Collective States
In the next step, 72 symmetry-restored configurations were mixed for each angular momentum using the GCM as described in the previous section. RHB configurations with binding energies much higher than energy of the equilibrium configuration (30 MeV and higher) have been excluded from the basis. Of course, we have verified that this choice of the basis does not affect the calculated low-energy spectroscopic properties. Figure  3 [40] . In addition, their ratio E(4 
. It is therefore interesting to point out that, in this specific instance, our global EDF-based approach provides a level of agreement with data that is comparable to state-of-the-art ab initio models [13] . Finally, the calculated B(E2; 4 states support the interpretation of this band as a 3α linear chain.
In the present study the 0 + 2 (Hoyle) state is calculated at an excitation energy that is only about 800 keV above the experimental value. However, the E2 transition strength from the corresponding 2 + 2 state is about an order of magnitude smaller than the one obtained in the AMD [6] and THSR [10] calculations. Even though there are currently no available data, it is likely that 
FIG. 3:
The calculated low-energy positive-parity excitation spectrum of 12 C compared to the available data [41] . Intraband B(E2) transition strengths (red color, in e 2 fm 4 ) and spectroscopic quadrupole moments (green color, in e fm 2 ) are also shown. See text for more details.
our calculation actually underestimates the true value for this transition strength. The reason is at least twofold. Firstly, the AMD and THSR models consistently predict triaxial configurations as the dominant contribution to the Hoyle state intrinsic density. These configurations are not included in the model space of the present study, and an extended analysis that allows for additional breaking of axial symmetry is necessary for a quantitative comparison. In addition, the asymptotic behavior of three weakly-interacting α particles is notoriously complicated to describe using the harmonic oscillator basis [42, 43] . Therefore, it remains an open question whether self-consistent models based on harmonic oscillator bases, even including triaxial shapes, will be able to capture all the details of the Hoyle state density profile. Nevertheless, we note that the calculated transition strength from the 2 
where in the octupole direction we have taken the absolute value of deformation parameter since β determine the dominant mean-field configurations in a collective state, and thereby enable the characterization of the corresponding intrinsic density. In Figure 5 we plot the characteristic intrinsic nucleon densities of the first three 0 + and 2 + states of 12 C. For each state the corresponding prolate and oblate deformation parameters (β 2 , β 3 ), shown in parenthesis, are calculated by averaging over the prolate and oblate configurations separately [cf. Eqs. (10a) and (10b)]. For the average prolate or oblate (β 2 , β 3 ) we plot the corresponding intrinsic total nucleon density in the xz plane. These densities are obtained by axial RHB calculations constrained to the average (β 2 , β 3 ) values. In each panel we also include the percentage of prolate or oblate configurations in the collective wave function.
Only the 0 Fig. 5 . A homogeneous alignment of 3α particles would be described by a reflectionsymmetric configuration in the intrinsic frame, that is, the corresponding octupole deformation would be negligible. Even though the maxima of the 0 + 3 and 2 + 3 amplitudes are indeed found at β 3 = 0 [see Fig. 4 ], fluctuations in the octupole direction are rather pronounced for both states. Consequently, the reflection-asymmetric 8 Be+α-like structure is observed in the intrinsic frame. The formation of linear chain structures in 12 C was previously predicted by microscopic models [6, 7] , but they are yet to be confirmed experimentally. Another interesting feature of these chains is their alleged susceptibility to bending, which would eventually lead to the formation of bent arm structures [6, 7, 12] . However, besides breaking reflection symmetry, such structures also break axial symmetry and, therefore, they could not be analyzed in the present study.
D. Electron-Nucleus Scattering Form Factors
Additional insight into the structure of collective states is provided by the form factors for electron-nucleus scattering. The formalism for computing these quantities within the MR-EDF framework was derived only recently [38] and, in this section, we will calculate form factors for electron scattering on 12 C for 0 (8) and (9)]. The present results are also compared with the predictions of the AMD model, and the THSR wave function model. AMD calculations [6] consider single nucleons as relevant degrees of freedom, and describe them in terms of Gaussian wave packets. On the other hand, the THSR framework is explicitly built as an α-cluster model, that is, the relevant degrees of freedom are α-particles in a Bose-condensed state [46] . In the low momentum transfer region (q 2 < 2 fm 2 ) all three models predict similar results for the elastic form factor. However, with increasing values of the momentum transfer differences between the three curves becomes more pronounced. In particular, the first zero of |F 0 (q)| 2 is found at approximately q 2 ≈ 3 fm 2 both in the present and THSR calculations, while the AMD model predicts this zero at a somewhat smaller value of the momentum transfer. Details of elastic form factors can be traced back to the properties of the corresponding charge distribution [48, 49] . The shift of the position of the first zero towards smaller values of q 2 , in particular, can be attributed to the larger spatial extension of the charge density. Furthermore, the amplitude of the first maximum of |F 0 (q)| 2 is related to the surface thickness of the charge distribution. Larger values of the surface thickness correspond to smaller amplitudes at the first maximum, and vice versa. We note that the experimental position and amplitude of the first maximum of |F 0 (q)| 2 are reproduced by all three models. At very large values of q 2 the form factor calculated with the THSR model is in best agreement with experiment, whereas results obtained in the present study underestimate the experimental values. A similar trend was noted in Ref. [38] for the case of 24 Mg, and in Ref. [11] for 12 C, where it was argued that the spreading of collective wave functions over many deformations generates a large smoothing of the one-body density and thus decreases the weights of large-momentum components of the charge density.
Because of its short lifetime, the structure of the Hoyle state can be probed by inelastic scattering from the ground state. In the right panel of Fig. 6 we display the calculated form factor for the 0 (9)]. The result of the present analysis for ρ tr (r)r 4 can be directly compared to the experimental transition charge density that corresponds to the form factor of Fig. 6 , as well as to the predictions of the FMD model and the α-cluster model (cf Fig. 3 of Ref. [45] ). While the position of the minimum of ρ tr (r)r 4 is very similar for all four curves considered, the present calculation predicts a somewhat weaker amplitude in comparison to both the experiment and the other models. Furthermore, the FMD and α-cluster models overestimate the experimental maximum The results obtained in the present study (red triangles) are compared to available data for the elastic [44] and inelastic [45] form factors, as well as with predictions of the AMD [6] and THSR [46] models. In addition, the insets show the corresponding charge density (left panel) and the transition charge density (right panel).
value of the ρ tr (r)r 4 curve, located at r ≈ 4 fm. Our calculation, on the other hand, notably underestimates this value. This difference is then naturally reflected in the lower value of the form factor compared to experiment, particularly at low values of momentum transfer. The inclusion of the triaxial degree of freedom, that undeniably plays an important role in the 0 + 2 state, would likely modify the calculated transition charge density and, con-sequently, the corresponding form factor. Whether such an extension of the model space actually leads to results that are closer to experimental values, remains to be examined in future studies.
IV. SUMMARY
The low-lying excitation spectrum and cluster structures in 12 C isotope have been analyzed using a "beyond mean-field" approach based on global energy density functionals. Axially-symmetric and reflectionasymmetric RHB states extending over a wide range of quadrupole and octupole deformations have first been projected onto good angular momentum, particle number, and parity, and subsequently configuration mixing implemented using the generator coordinate method. Empirical properties of the oblate ground-state band have been accurately reproduced, including available data on excitation energies and spectroscopic quadrupole moments, as well as the intraband quadrupole transition strengths. The rotational band built on the state K π = 0 + 3 corresponds to a strongly prolate deformed shape characterized by a linear α-chain structure in the intrinsic frame. Even though the model space used in the present study does not include triaxial shapes, and therefore cannot reproduce the intrinsic density profile of the Hoyle state as predicted by microscopic cluster models, the calculated 0 + 2 state is located only about 800 keV above its experimental excitation energy. In addition, both the elastic and inelastic form factors are in good agreement with the experimental values for a rather wide interval of momentum transfer. In this particular aspect, the accuracy of the present global approach can compete with that of the most successful microscopic cluster models.
The symmetry-conserving global method used in the present study is based on the universal framework of energy density functionals. In particular, starting from the functional DD-PC1 that was exclusively adjusted to the experimental binding energies of a set of 64 deformed nuclei in the mass regions A ≈ 150−180 and A ≈ 230−250, and using a basis and method that do not a priori assume the existence of cluster structures, this model enables a consistent, parameter-free calculation of collective excitation spectra and the corresponding electric transition strengths in light nuclear systems such as 12 C. Of course, such a global approach may not be able to describe all the details of excited states configurations, that often cannot be reproduced even by models specifically designed and fine-tuned to this mass region. The EDFbased framework, however, especially when extended to take into account "beyond mean-field" correlations related to multiple broken symmetries and quantum fluctuations, presents an accurate microscopic method for a unified description of complex quantum-liquid and cluster aspects of atomic nuclei.
